Abstract. We prove that if ρ is an adapted positive definite function in the Fourier-Stieltjes algebra B(G) of a locally compact group G with ρ B(G) = 1, then the iterated powers (ρ n ) converge to zero in the weak* topology σ(B(G), C * (G)). Moreover, if ρ is irreducible, we prove that (ρ n ) as a sequence of u.c.p. maps on the group C * -algebra converges to zero in the strong operator topology.
Note that the author has proved a discrete quantum group version of Theorem 2 in [8] . Of course, the dual of a locally compact group is a locally compact quantum group, but the proof of [8] which uses Banach limits and a non-commutative 0-2 law cannot be generalized to general (quantum) probability measures on non-discrete locally compact quantum groups.
So, we present a different proof for the co-commutative case, i.e. duals of locally compact groups.
Recall that for a locally compact group G the set B(G) of all matrix coefficient functions of continuous unitary representations of G forms a subalgebra of bounded continuous functions on G. It admits a norm · B(G) with which it turns to a Banach algebra called the Fourier-Stieltjes algebra, which is isomorphic to the dual Banach space of C * (G) (the universal group C * -algebra of G).
For abelian G with (Pontryagin) dual groupĜ, the Fourier-Stieltjes transform F s yields an isomorphism of the dual Banach algebras B(G) ∼ = M (Ĝ), where (M (Ĝ), ⋆) is the measure algebra (with convolution product) of the dual groupĜ.
We denote by P 1 (G) the set of positive definite functions of norm one. So, ρ ∈ P 1 (G) means that there exists a continuous unitary representation π of G on a Hilbert space H π , and a unit vector
Following [12] , ρ is said to be adapted if
Theorem 3. Let G be a non-discrete locally compact group, and let ρ ∈ P 1 (G) be adapted. Then (ρ n )
converge to zero in the weak* topology σ(B(G), C * (G)).
Proof. Let Gρ = ρ −1 (T), where T is the unit circle in the complex plane. Then it is easily seen from the representation (0.1) that Gρ is a closed subgroup of G, and the restriction of ρ to Gρ is a group homomorphism. And since ρ is adapted, this restriction is in fact injective. Now, towards a contradiction, suppose that there exists a subnet ρ n 0 i i∈I0 of (ρ n ) that converges weak* to a non-zero ν 0 ∈ B(G) + . Then for each k ∈ N, find inductively a subnet ρ
Thus, by construction, we see that
for all k, m ∈ N. Moreover, since ρ ∞ = 1 it follows from (0.2) that
where 1 Gρ ∈ B(G) is the characteristic function of Gρ (cf. [4] ). Through this identification, the weak* topology σ(B(Gρ), C * (Gρ)) coincides with the restriction of the σ(B(G), C * (G))-topology. Now, since
Gρ is abelian, the Fourier-Stieltjes transform F s induces the identification B(Gρ) ∼ = M ( Gρ). Then 
in the σ(C * (G), B(G))−topology. Consequently, we have
which is a contradiction.
Note. After the completion of this work it was pointed out to the author that Theorem 3 also follows from a more general result proved in [10, Theorem 5.3].
Since in the abelian case the reduced C * -algebra C * r (G) coincides with C * (G), one may consider B r (G) = C * r (G) * as the dual object to the measure algebra M (G). So, using the fact that C * r (G) is a quotient Cwhere D 1 denotes the set of all 0 ≤ ν ∈ A * such that there exists a sequence {ν n } ∞ n=0 of positive elements of A * such that ν 0 = ν, ν n ≤ 1 for all n ≥ 0, and
Proof. The "≥" part of the equation follows from (T * ) n ν n = ν 0 . For the reverse inequality, let 0 ≤ x ∈ A, and ε > 0. Choose 0 ≤ ω n ∈ A * with ω n ≤ 1 such that T n x < | T n x , ω n | + ε for all n. Then, let ν 0 be a weak* cluster point of { (T * ) n ω n : n ≥ 1 } in A * . So, we may find a subnet (T * ) ni ω ni that converges weak* to ν 0 , and therefore
Continuing this way, by induction we can construct a sequence {η n } of positive elements of A * such that η n ≤ 1, and T * η n+1 = η n for all n. So, we have in particular (T * )
And, if we choose a weak* cluster point ν 2 of { (T * ) nj −2 η nj }, then 0 ≤ ν 2 , ν 2 ≤ 1, and T * ν 2 = ν 1 .
Similarly, we can now construct a sequence {ν n } of positive elements of A * with ν n ≤ 1 for all n ≥ 0 that satisfies (0.3).
In the following, we denote by ρ · x the canonical action of elements ρ in B(G) on elements x in
Theorem 7. Let G be a non-discrete locally compact group, and let ρ ∈ P 1 (G) be irreducible. Then for every x ∈ C * (G) we have
Proof. Let D 1 be the set of all ν ∈ B(G) such that there exists a sequence {ν k } ∞ k=0 in B(G) + such that ν 0 = ν, ν k ≤ 1, and ρ ν k+1 = ν k for all k ≥ 0. Then similarly to the proof of Theorem 3 we can show support(ν k ) ⊆ Gρ for all k ≥ 0, and hence Gρ = ρ −1 (T) is open in G. Again, similarly to the proof of Theorem 3, we obtain via the Fourier-Stieltjes transform, the sequence {F s (1 Gρ ν k )} in the measure algebra M (Gρ) , ⋆ such that F s (1 Gρ ν k ) ≤ 1, and
for all k ≥ 0. Therefore we have for all x ∈ C * (G).
